We propose a new approach to field theory on κ-Minkowski non-commutative space-time, a popular example of Lie-algebra space-time. Our proposal is essentially based on the introduction of a star product, a technique which is proving to be very fruitful in analogous studies of canonical non-commutative space-times, such as the ones recently found to play a role in the description of certain string-theory backgrounds. We find to be incorrect the expectation, previously reported in the literature, that the lack of symmetry of the κ-Poincaré coproduct should lead to Green functions that are not symmetric under exchanges of the momenta of identical particles entering the relevant processes. We show that in κ-Minkowski the star product must indeed treat momenta in a non-symmetric way, but the overall structure of Green functions is symmetric under exchange of identical particles.
Non-commutative geometry is being used more and more extensively in attempts to unify general relativity and quantum mechanics. Some "quantum-gravity" approaches explore the possibility that non-commutative geometry might provide the correct fundamental description of space-time, while in other approaches non-commutative geometry turns out to play a role at the level of the effective theories that describe certain aspects of quantum-gravity.
Two simple examples [1] are "canonical non-commutative space-times" (µ, ν, β = 0, 1, 2, 3)
and "Lie-algebra non-commutative space-times"
The canonical type (1) was originally proposed [2] in the context of attempts to develop a new fundamental picture of space-time. More recently, (1) is proving useful in the description of string theory in certain "B" backgrounds (see, e.g., Refs. [3, 4, 5] ). String theory in these backgrounds admits description (in the sense of effective theories) in terms of a field theory in the non-commutative space-times (1) , with the tensor θ µ,ν reflecting the properties of the specific background.
Among the Lie-algebra type (2) space-times, research has mostly focused on κ-Minkowski [6, 7] space-time (l, m = 1, 2, 3)
One of us recently proposed [8] a new path toward quantum gravity which takes as starting point κ-Minkowski. It was shown in Ref. [8] that the Hopf algebra that characterizes the symmetries of κ-Minkowski, one of the κ-Poincaré algebras [7, 9] , can be used to introduce the Planck length (here identified, up to a sign and perhaps a numerical factor of order 1, with 1/κ) directly at the level of the Relativity postulates.
This could provide [8] the starting point for a path toward quantum gravity based on a, still being sought, non-flat (and dynamical) generalization of the κ-Minkowski non-commutative space-time.
The possible role in quantum gravity of non-commutative geometry, and particularly of the examples (1) and (2), has generated strong interest in the construction of field theories in these types of space-times. In this respect the canonical type confronts us with less severe technical challenges. Procedures based on the star product [1] can be applied straightforwardly to space-times of type (1), basically as a result of the fact that the product of two wave exponentials, e ipµxµ and e ikν xν , in these geometries has very simple properties:
e ipµxµ e ikν xν = e ipµθµ,ν kν e i(p+k)µxµ ,
i.e. the Fourier parameters p µ and k µ combine just as usual, (p + k) µ , with the only new ingredient of an overall phase factor that depends on θ µ,ν . This simplicity renders possible the development of field theories in which the tree-level propagator is undeformed and the only new ingredients are factors of the type e ipµθµ,ν kν in the interaction vertices. These properties follow from the analysis of products of fields, which are characterized by formulas of the type
It is easy to see that in space-times of Lie-algebra type, and in particular in κ-Minkowski, the construction of field theories is less straightforward. A key point is that the type of simple deformation encoded in (4) is clearly not sufficient. A more complicated rule for the product of two wave exponentials is clearly needed, basically to reflect the structure of the coproduct in the κ-Poincaré algebras [7] . The rule for the product of two wave exponentials treats in profoundly 1 non-symmetric way the two Fourier parameters. This has been cause of concern with respect to the applicability of κ-Minkowski in physics, since it appeared [10, 11, 12] inevitable to obtain cross sections which do not treat symmetrically pairs of identical incoming particles. The most significant result here being reported is that no such paradoxical predictions are found when field theory in κ-Minkowski space-time is constructed consistently.
Our first task is the one of giving a consistent description of the product of two fields in κ-Minkowski space-time in terms of deformed rules for the product of commuting fields. This is the basic task of the star-product procedure: the product of two operator-valued functions is described through the properties of an associated deformed product of ordinary functions. We procede in analogy with the strategy (5) which is proving successful in the study of canonical non-commutative spacetimes,
i.e. we want to introduce as auxiliary commuting variables some Fourier parameters.
The proper formulation of the Fourier transform in κ-Minkowski space-time has been discussed in previous mathematical-physics studies [11, 12, 13] ; it is based on the "ordered exponential" : e ipµxµ : defined by 2 : e ipµxµ :≡ e ipmxm e ip 0 x 0 .
While, as the reader can easily verify, wave exponentials of the type e ipµxµ do not combine in a simple way in κ-Minkowski space-time, for wave exponentials of the type : e ipµxµ : one finds [12] (using the Campbell-Baker-Hausdorff formula)
(: e ipµxµ :)(: e ikν xν :) =: e i(p+k)µxµ : ,
where the notation "+" has been here introduced to denote the deformed addition rule (no sum on repeated indices)
i.e. the energy 3 addition is undeformed while 3-momenta are added according to p + e λp 0 k. This lack of symmetry under p, k exchange is the one we announced in the opening remarks, and readers familiar with the κ-Poincaré research programme will recognize that (8) is just the rule for energy-momentum coproduct. As mentioned, the proper formulation [11, 12, 13] of the Fourier transform in κ-Minkowski space-time is based on the ordered exponentials : e ipµxµ :
2 There is of course an equally valid alternative ordering prescription in which the time-dependent exponential is placed to the left [12] (while we are here choosing the convention with the timedependent exponential to the right). 3 We are here taking the liberty to denominate "energy" the Fourier parameter in the 0-th direction (and similarly for the other three Fourier parameters we use "3-momentum"). This terminology may appear unjustified in the present context, but it is actually meaningful in light of the results on κ-Minkowski reported in Ref. [11] .
The canonical property of Fourier theory is then obtained [11] using the proper concept of partial derivative in κ-Minkowski:
where (∆x κ ) µ ≡ −δ µ,0 /κ.
Using (7) one easily finds that
Having established this simple property of the product of two fields in κ-Minkowski space-time we can now easily write a partition function (generating functional for Green functions) in energy-momentum space. This will allow us to explore whether the lack of symmetry of the coproduct leads to nonsensical results, as suspected in previous related studies [10, 11, 12] , or instead an acceptable physical picture does emerge. We illustrate our line of analysis in the context of a scalar theory with quartic interaction ("λΦ 4 theory"). We start with a partition function in the non-
The observation (11) allows to rewrite this partition function in energy-momentum space. We omit the tedious steps of this derivation, but we note here some useful formulas which reflect the type of care required by the lack of symmetry of the coproduct. Introducing
which holds in κ-Minkowski space-time [12] , the required manipulations of the partition function will of course lead to the emergence of terms going like δ (4) (p+k). The lack of symmetry of p+k then requires some care; the relevant formulas are
where we introduced a function µ(p 0 ), possibly reflecting the properties of a nontrivial measure of integration over κ-energy-momentum space (which, in the sense reflected by (8), is not flat) and we also introduced the notation−p
Readers familiar with the κ-Poincaré research programme will recognize (16) as the rule for the "antipode". On the function µ(p 0 ) we will only observe and use the fact that it can depend on energy-momentum only through the 0-th component (energy).
As discussed in detail in Ref. [11] , it is clear that the measure for integration over κenergy-momentum space should depend only on energy. There are various candidates for this measure, but for our analysis this ambiguity could only affect the form of the function µ(p 0 ). Since we focus here on the relation between the non-symmetric coproduct of κ-Poincaré and the structure of the conservation rules that characterize
Green functions in field theory on κ-Minkowski, we can postpone the investigation of the measure ambiguity to future studies. Concerns about the conservation rules have been the most serious obstacle for the construction of physical theories based on κ-Minkowski, and we shall show that these concerns can be straightforwardly addressed within our approach, independently of the form of µ(p 0 ). We shall therefore keep track of factors of the type µ(p 0 ), but never assume anything about the form of the function µ(p 0 ). While the existence of alternative choices [11] of measure (leading to different forms of our µ(p 0 )) is an "aesthetic concern" for the κ-Minkowski research programme (all the candidates identified in Ref. [11] are acceptable, but one would like to have a theory predicting the measure), the possibility that Green functions might be characterized by conservation rules that do not respect symmetry under exchange of the momenta of identical particles represents a "quantitative concern" for the applicability of κ-Minkowski in physics. As anticipated, it is on this second, more alarming, problem which we focus here our attention, providing a fully satisfactory solution.
Our first objective is to examine the structure of the tree-level propagator. For this first result we can of course switch off the coupling λ. Using (10), (14) and (15), one obtains from (12)
where C κ is the κ-Poincaré mass casimir 4
It is convenient to introduce the normalized partition function
and from (17) with simple manipulations one finds that
From Eq. (20) one can obtain the tree-level propagator using a straightforward generalization of the usual formulation adopted for field theory in commutative space-times:
For the functional derivatives required by (21) one also needs appropriately generalized definitions:
Using (14), (15) ,(22), (23) and the property C κ (−p) = C κ (p), from (21) one easily obtains the tree-level propagator:
One first point that deserves to be emphasized is the central role played by mass casimir C κ in the structure of this tree-level propagator. 5 This result on the role of C κ is consistent with the expectations on the tree-level propagator formulated in previous preliminary attempts [10, 11] to develop field theory in κ-Minkowski spacetime. However, in addition to the role of C κ , it is perhaps even more important to observe that the two δ (4) in (24) enforce the same trivial conservation condition; in fact, δ (4) ((−p ′ )+p) = e 3p 0 /κ δ (4) (p+(−p ′ )) = e 3p 0 /κ δ (4) (p − p ′ ). This is a first reassuring sign that our approach to field theory in κ-Minkowski space-time can provide the correct way to handle the non-trivial coproduct structure of κ-Poincaré: in spite of the nonsymmetric and nonlinear coproduct structure, our result preserves the usual property that energy-momentum is conserved along the propagator. We are therefore proving to be unjustified the concern expressed in one previous preliminary attempt [10] to develop field theory in κ-Minkowski space-time, which had suggested that energy-momentum would not be conserved for an isolated particle. This is one of our central results and we will be able to confirm it also beyond tree level. In which one easily obtains with manipulations analogous to the ones described above:
where
and we introduced a compact ordered-sum notatioṅ
Of course, for the O(λ) contributions to the propagator and the vertex we only need the O(λ) approximation ofZ[J(k)]
From this formula it is straightforward to obtain the O(λ) contribution to the propagator:
where P k 1 ,k 2 ,k 3 ,k 4 denotes permutation of the momenta k 1 , k 2 , k 3 , k 4 (the term explicitly written out in the square brackets is only one of twentyfour terms obtained by permutations of k 1 , k 2 , k 3 , k 4 ).
In order to achieve our objective of proving incorrect the paradoxical expectation formulated in Ref. [10] (the expectation that from one end to the other of the propagator energy-momentum would not be conserved) it is sufficient to focus on the contribution to G (2) λ coming from the first term in the square brackets of Eq. (29). Using again the same observation that took us from (21) to (24), we can rewrite this contribution as
and integrating over k 1 , k 2 , k 3 we find that (30) is proportional to
The same observation applies to the other contributions to G (2) λ (the ones encoded in P k 1 ,k 2 ,k 3 ,k 4 ): the whole G (2) λ is proportional to the ordinary δ (4) (p − p ′ ), i.e., as anticipated, we find (contrary to the expectation of Ref. [10] ) that energy-momentum is ordinarily conserved along the propagator, even in κ-Minkowski space-time.
Our next, and final, task is the study of the tree-level vertex. The O(λ) contribution to the four-point Green function can be expressed in terms ofZ (1) through
and the tree-level vertex, sum of connected graphs contributing to G 
From (33) one can easily obtain more explicit formulas for the tree-level vertex G (4) tree (p 1 , p 2 ,−p 3 ,−p 4 ) connected . As mentioned we are primarily interested in establishing what are the conservation rules implemented at the vertex and how they are related to the nonsymmetric structure of the coproduct. In this respect it is important to observe that each of the twentyfour terms generated by the permutations of k 1 , k 2 , k 3 , k 4 is characterized by a different conservation rule. This is completely different from the behaviour of the κ → ∞ limit (the limit in which our non-commutative space-time turns into the ordinary commutative Minkowski space-time), in which all permutations P k 1 ,k 2 ,k 3 ,k 4 lead to the same conservation rule δ (4) (−p 1 −p 2 + p 3 + p 4 ). In order to render more explicit these comments on the faith of energy-momentum conservation in the vertices of field theories on κ-Minkowski space-time, it is sufficient to observe that the term written out explicitly in Eq. (33) (the other twentythree contributions are implicitly introduced through the permutations P k 1 ,k 2 ,k 3 ,k 4 ) can be rewritten as
Then doing the k 1 , k 2 , k 3 , k 4 integrations over the internal four-momenta it is easy to establish that this contribution to the tree-level vertex enforces the conservation rule
which corresponds to ordinary energy conservation, −p 1,0 − p 2,0 + p 3,0 + p 4,0 = 0, but enforces a non-trivial and non-symmetric rule of conservation of 3-momenta:
The lack of symmetry of (35) is just of the type feared in previous preliminary analyses [10, 11] of field theory in κ-Minkowski space-time, and was responsible for some skepticism toward the physical applicability of such field theories (since, of course, a physically acceptable theory should describe collision processes in a way that treats symmetrically, e.g., two identical incoming particles). However, in our approach to field theory in κ-Minkowski space-time (34) is just one of twentyfour contributions to the vertex (33). The other twentythree terms are characterized by permutations of the conservation rule (35), which span over all possible ways to order the (deformed) sum of p 1 , p 2 , (−p 3 ), and (−p 4 ). The overall structure of our interaction vertex is fully symmetric 6 under exchanges of the momenta that enter it, thereby fulfilling the condition for physical applicability of our field theory. Our analysis shows that the new ingredient introduced by the κ deformation is not the loss of particle-exchange symmetry, feared in previous studies, but rather a revision of the concept of energy-momentum conservation for scattering processes: since our vertex is not characterized by an overall δ-function, but instead it is split up into twentyfour pieces each with its own different δ-function, in a given scattering process, with incoming particles characterized by four-momenta p 1 and p 2 , it becomes impossible to predict the sum of the 3-momenta of the outgoing particles. The theory only predicts that one of our twentyfour energy-momentum-conservation rules must be satisfied and assigns (equal) probabilities to each of these 24 channels.
These properties of vertices in κ-Minkowski space-time represent a rather significant departure from conventional physics, but they do make sense physically (identical particles are treated symmetrically), and we are therefore providing a key tool for testing whether Nature makes use of κ-Minkowski. Making the reasonable assumption [8] that κ should be of the order of the Planck scale one easily checks that our prediction for new (non-)conservation rules at the vertex is consistent with all available low-energy data. (In the limit p 0 /κ ≪ 1 the twentyfour different conservation rules that characterize our κ-deformed vertex collapse into a single, and ordinary, conservation rule.) There is however one experimental context in which our κ-deformed vertex could have observably large consequences: astrophysics observations sensitive to the value of the kinematic threshold for certain particle-production processes. It is of encouragement for our proposal that observations of ultra-high-energy cosmic rays [14] and of Markarian501 photons [15] have recently obtained data that appear to be in conflict with conventional theories and appear to require [16, 17, 19, 18, 20, 21] a deformation of the kinematic conservation rules applied to collision processes. κ-Minkowski space-time has been considered [19, 20] as a possible source of such a deformation of kinematics, but the previously conjectured lack of symmetry of the vertex did not allow direct comparison with data (and a simple-minded ansatz for the symmetrization of the coproduct was shown not to lead to interesting results [20] ).
Our analysis renders now possible this comparison with data, and the fact that the data appear to be in conflict with the conventional structure of vertices encourages us to hope that the κ-deformed vertex might play a role in the solution of the experimental paradox, but we postpone this delicate phenomenological analysis to a future study.
We close with some remarks summarizing the results here obtained. We took off from some preliminary attempts [10, 11] to construct field theories in κ-Minkowski space-time. Those previous studies had identified some intruiging features, which might render such theories attractive as possible tools in quantum-gravity research, but had also led to the alarming suspect that the highly non-trivial structure of the κ-Poincaré coproduct might render these theories unacceptable for physical applications; specifically, it had been conjectured that the interaction vertices would not enjoy symmetry under exchange of identical incoming particles [10, 11] and that even isolated particles might not enjoy energy-momentum conservation [10, 11] . Our approach was mostly inspired by the previous study reported in Ref. [11] , improved by our proposal of introducing a sort of star product, implicitly encoded in (7) , for the definition of the partition function. We showed that our approach eliminates both mentioned concerns: in our κ-Minkowski-based theory vertices treat in a fully symmetric way identical incoming particles and isolated particles do enjoy energymomentum conservation. Our results are sufficient (at least in principle, but the required phenomenological analysis appears to be rather challenging) for testing κ-Minkowski through comparison with the recent exciting results of observations of ultra-high-energy cosmic rays and of Markarian501 photons. We focused on a specific example of Lie-algebra non-commutative space-time, κ-Minkowski, but the techniques we developed should be applicable also to other Lie-algebra non-commutative space-times, all of which are affected by similar problems associated with the highly non-trivial structure of the coproduct.
